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Abstract
In this work, we present a vertex–face correspondence between an elliptic
R-operator and Boltzmann weights related to the Lie superalgebra sl(m|n).
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1. Introduction

A key method in solving two-dimensional lattice models of the face type is Baxter’s corner
transfer matrix method [1], which requires that Boltzmann weights satisfy the star–triangle
relation (STR) and the inversion relations. Much attention has thus been directed to finding
Boltzmann weights with the properties. The vertex–face correspondence is a major tool in
constructing such Boltzmann weights.

Andrews et al [2] constructed the Boltzmann weights associated with the R-matrix of the
eight-vertex model through a vertex–face correspondence [3]. By extending the work above,
Jimbo et al [4–6] presented the Boltzmann weights related to the affine Lie algebra A

(1)
N−1 (see

also [7]). In order to show the STR, they used a vertex–face correspondence whose vertex
counterpart is Belavin’s R-matrix [8]. An elliptic R-operator [9–12], a generalization [13]
of Belavin’s R-matrix, has a vertex–face correspondence [14] (cf [15]) which reproduces the
vertex–face correspondence above. In 1991, Okado constructed the Boltzmann weights [16]
related to the Lie superalgebra sl(m|n), a generalization of the Boltzmann weights defined by
Jimbo et al. They satisfy the STR and the inversion relations.

Until now, no work has focused on a vertex–face correspondence of the Boltzmann
weights related to sl(m|n).

In this paper, we investigate and present a vertex–face correspondence between the elliptic
R-operator and the Boltzmann weights related to sl(m|n), which is a generalization of the work
[14].
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Let us now explain how this paper is organized. In section 2, we survey the Boltzmann
weights related to the Lie superalgebra sl(m|n) and the elliptic R-operator. We note that the
domain of the elliptic R-operator in this work is some simple algebraic extension field of M2,
the field of functions meromorphic on C

2. Section 3 describes the vertex–face correspondence
between the elliptic R-operator and the Boltzmann weights related to sl(m|n).

2. Elliptic R-operator and Boltzmann weights related to sl(m|n)

In this section we present a review of the elliptic R-operator and the Boltzmann weights related
to the Lie superalgebra sl(m|n).

Fix a complex number τ whose imaginary part is positive (Im τ > 0) and we choose a
complex number η such that η, 2η �∈ Z + Zτ . We denote by θ(x) the elliptic theta function

θ(x) =
∑
k∈Z

exp

[
π

√−1

(
k +

1

2

)2

τ + 2π
√−1

(
k +

1

2

)(
x +

1

2

)]
.

Let m and n be nonnegative integers such that m + n > 0 and let A = {eµ|µ =
1, 2, . . . , m + n} be a basis of the vector space C

m+n. Define a C-bilinear form 〈·, ·〉 on
C

m+n × C
m+n by 〈eµ, eν〉 = sµδµν , where δµν is the Kronecker delta symbol and

sµ =
{

1 for µ = 1, . . . , m

−1 for µ = m + 1, . . . , m + n.

Let Iµ (µ = 1, 2, . . . , m + n) be a complex number. For a, b, c, d ∈ C
m+n and u ∈ C, we

indicate by W
(

a

b

c

d

∣∣u) the Boltzmann weights related to the Lie superalgebra sl(m|n) constructed
by Okado [16]:

W
(a

b

c

d

∣∣∣ u) = 0 unless b − a, c − a, d − b, d − c ∈ A

W

(
a

a + eµ

a + eµ

a + 2eµ

∣∣∣∣ u
)

= θ(η + sµu)

θ(η)

W

(
a

a + eµ

a + eµ

a + eµ + eν

∣∣∣∣ u
)

= θ(ηaµν + Iµν − u)

θ(ηaµν + Iµν)
(µ �= ν)

W

(
a

a + eµ

a + eν

a + eµ + eν

∣∣∣∣ u
)

= θ(u)

θ(η)

(
θ(ηaµν + Iµν + η)θ(ηaµν + Iµν − η)

θ(ηaµν + Iµν)2

)1/2

(µ �= ν).

Here aµ = 〈a, eµ〉, aµν = aµ − aν and Iµν = Iµ − Iν . They satisfy the STR:

∑
g∈C

m+n

W
(a

b

g

c

∣∣∣ u) W
(g

c

e

d

∣∣∣ u + v
)

W

(
a

g

f

e

∣∣∣∣ v
)

=
∑

g′∈C
m+n

W

(
b

c

g′

d

∣∣∣∣ v
)

W

(
a

b

f

g′

∣∣∣∣ u + v

)
W

(
f

g′
e

d

∣∣∣∣ u
)

. (1)

For a positive integer k, let Mk be the field of functions meromorphic on C
k and let Mk

be its algebraic closure. Denote by h ∈ M2 a root of the following polynomial g in M2[X]:

g(X) = X2 − θ(x − y + η)θ(x − y − η)

θ(x − y)2
.
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Proposition 1. The minimal polynomial of h on the field M2 is g.

Proof. For the proof, it is sufficient to show that h �∈ M2. The proof is by contradiction.
Assume the assertion was false. Then h ∈ M2, and the function h(x, y)θ(x−y) is holomorphic
on C

2 because

(h(x, y)θ(x − y))2 = θ(x − y + η)θ(x − y − η). (2)

We indicate by f (x, y) the holomorphic function h(x, y)θ(x − y) on C
2. By equation (2),

f (x, 0)2 = θ(x + η)θ(x − η)

and the right-hand side of the above equation consequently has a zero of the second order at
the point x = η. This implies 2η ∈ Z + Zτ , which is a contradiction. �

Let M2(h) be the simple algebraic extension field of M2 by h. Define an operator σ on
M2 by

σ(f )(x, y) = f (y, x)

for f ∈ M2. The isomorphism σ on M2 is extended to an isomorphism on M2(h), which
carries h into h because the polynomial gσ (X) = X2 −σ(θ(x −y +η)θ(x −y −η)/θ(x −y)2)

(= g(X)) has a root h in M2(h). Let us also denote by σ this isomorphism on M2(h) since
the other extension of σ on M2(h) carries h into −h.

For u ∈ C, define the elliptic R-operator R(u) on M2(h) [9–12] by

R(u)(f ) = (θ(u)/θ(η))hf + Buσ(f )

for f ∈ M2(h), where Bu(x, y) = θ(x − y − u)/θ(x − y) ∈ M2.

Remark. The elliptic R-operator R(u) satisfies the Yang–Baxter equation (YBE).

We indicate by hij ∈ M3 ((i, j) = (1, 2), (1, 3), (2, 3)) roots of the following
polynomials gij in M3[X] respectively:

gij (X) = X2 − θ(xi − xj + η)θ(xi − xj − η)

θ(xi − xj )2
.

The elements hij ((i, j) = (1, 2), (1, 3), (2, 3)) satisfy the following lemma.

Lemma 2.

(1) hij �∈ M3 for (i, j) = (1, 2), (1, 3), (2, 3).
(2) h13, h23 �∈ M3(h12) and h23 �∈ M3(h13).
(3) h23 �∈ M3(h12, h13).

Here M3(h12, h13) is the algebraic extension field of M2 by h12 and h13.

Let σij ((i, j) = (1, 2), (1, 3), (2, 3)) be an operator on M3 such that

σij (f )(x1, x2, x3) = f
(
xσ̄ij (1), xσ̄ij (2), xσ̄ij (3)

)
,

where

σ̄ij (k) =



j for k = i

i for k = j

k for k �= i, j.

The operator σij ((i, j) = (1, 2), (1, 3), (2, 3)) is an isomorphism on M3.
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Lemma 3. Let M3(h12, h13, h23) be the algebraic extension field of M3 by h12, h13 and
h23. For (i, j) = (1, 2), (1, 3), (2, 3), the operator σij is extended to an isomorphism on
M3(h12, h13, h23) which carries hkl into hσ̄ij (k)σ̄ij (l). Here h21 = h12, h31 = h13 and h32 = h23.

From now on, we denote by σij the extension of σij in lemma 3. Define operators
Rij (u) (u ∈ C, (i, j) = (1, 2), (1, 3), (2, 3)) on M3(h12, h13, h23) by

Rij (u)(f ) = (θ(u)/θ(η))hijf + (Bu)ijσij (f )

where (Bu)ij (x1, x2, x3) = θ(xi −xj −u)/θ(xi −xj ) ∈ M3. These operators satisfy the YBE

R12(u)R13(u + v)R23(v) = R23(v)R13(u + v)R12(u) (u, v ∈ C)

because the functions (Bu)ij ((i, j) = (1, 2), (1, 3), (2, 3)) satisfy the following functional
equations:

θ(u + v)(Bu)12(Bv)13 = θ(v)(Bu+v)13(Bv)32 + θ(u)(Bv)23(Bu+v)12 (3)

θ(u)θ(v)

θ(η)2
(Bu+v)13

(
h2

12 − h2
23

) = (Bv)23(Bu+v)12(Bu)23 − (Bv)12(Bu+v)23(Bu)12 (4)

where (Bv)32(x1, x2, x3) = θ(x3 − x2 − v)/θ(x3 − x2).

3. Vertex–face correspondence

In this section we establish a vertex–face correspondence between the elliptic R-operator and
the Boltzmann weights related to sl(m|n).

Let M′
2 be a set of functions f ∈ M2 which satisfy that there exist two functions pf , qf

holomorphic on C
2 (qf �≡ 0) such that f = pf /qf , q

(µ,ν)

f �≡ 0, σ(qf )(µ,ν) �≡ 0 for all

µ, ν = 1, 2, . . . , m + n. Here, for a function f holomorphic on C
2, we define the function

f (µ,ν) holomorphic on C
m+n by

f (µ,ν)(x1, x2, . . . , xm+n) = f (ηxµ + Iµ, ηxν + Iν + ηsµδµν).

Remark. Every element f ∈ M2 is a quotient f = pf /qf of two functions pf , qf

holomorphic on C
2 (qf �≡ 0) because of the Poincaré theorem [17].

Let L be a set of functions f ∈ M2(h) such that f = f1 + f2h for f1, f2 ∈ M′
2. The proof

of the following lemma is straightforward and we omit it.

Lemma 4.

(1) M′
2 is a subring of M2.

(2) h2 ∈ M′
2.

(3) L is a subring of M2(h).
(4) σ(M′

2) ⊂ M′
2 and σ(L) ⊂ L.

(5) R(u)(L) ⊂ L for all u ∈ C.

Let h(µ,ν) ∈ Mm+n (1 � µ < ν � m + n) be a root of the following polynomial in
Mm+n[X]:

X2 − θ(ηxµν + Iµν + η)θ(ηxµν + Iµν − η)

θ(ηxµν + Iµν)2
.
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Here xµν = xµ − xν . We indicate by h(µ,ν) (1 � ν � µ � m + n) the following element of
Mm+n:

h(µ,ν) = h(ν,µ) for 1 � ν < µ � m + n

h(µ,µ) = 0 for 1 � µ � m + n.

For f ∈ M′
2 and µ, ν = 1, 2, . . . , m + n, define f (µ,ν) ∈ Mm+n by

f (µ,ν) = p
(µ,ν)

f

/
q

(µ,ν)

f .

We note that f (µ,ν) above is well defined and that (h2)(µ,ν) = (h(µ,ν))
2.

Denote by φ(µ,ν) (µ, ν = 1, 2, . . . , m+n) an operator from L to Mm+n defined as follows:

φ(µ,ν)(f ) = f
(µ,ν)

1 + f
(µ,ν)

2 h(µ,ν)

for f = f1 + f2h ∈ L (f1, f2 ∈ M′
2).

Lemma 5.

(1) φ(µ,ν) is a ring homomorphism.
(2) If µ �= ν, then φ(ν,µ)σ |L = φ(µ,ν).

Proof. We only prove (2). If µ �= ν, then we deduce the following, which immediately
implies the desired result:

σ(f )(ν,µ) = f (µ,ν) for f ∈ M′
2;

h(ν,µ) = h(µ,ν). �

For µ, ν, κ = 1, . . . , m + n and u ∈ C, let W(µ, ν, κ|u) be an element of Mm+n defined
as follows:

W(µ, ν, κ|u) = 0 unless κ = µ or ν;
W(µ, ν, µ|u) = B(µ,ν)

u ;
W(µ, ν, ν|u) = (θ(u)/θ(η))h(µ,ν) for µ �= ν.

The form of W(µ, ν, κ|u) is the same as the Boltzmann weight W
(

a

a+eµ

a+eκ

a+eµ+eν

∣∣u).

Theorem 6 (Vertex–face correspondence). For µ, ν = 1, . . . , m + n and u ∈ C,

φ(µ,ν)R(u)

∣∣∣∣∣
L

=
m+n∑
κ=1

W(µ, ν, κ|u)φ(κ,µ+ν−κ)σ

∣∣∣∣∣
L

.

Proof. Let f be an element of L. The straightforward computation shows

φ(µ,ν)(R(u)(f )) = (θ(u)/θ(η))h(µ,ν)φ
(µ,ν)(f ) + Buφ

(µ,ν)σ (f ). (5)

Due to lemma 5, we can show that the right-hand side of equation (5) turns out to be∑m+n
κ=1 W(µ, ν, κ|u)φ(κ,µ+ν−κ)σ (f ), thereby completing the proof of the theorem. �

Remark. Equations (3) and (4) induce the STR (1) of the Boltzmann weights.
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